A five-dimensional ab initio potential energy surface (PES) for CO-H 2 that explicitly incorporates dependence on the stretch coordinate of the CO monomer has been calculated. Analytic fourdimensional PESs are obtained by least-squares fitting vibrationally averaged interaction energies for v CO 
I. INTRODUCTION
Spectroscopic studies on cold helium clusters doped with a single chromophore molecule such as CO 2 , N 2 O, and OCS as the member of the "carbon dioxide family", have been used to probe microscopic superfluidity. In similar way, clusters of para-hydrogen (para H 2 ) molecules doped with a single chromophore molecule [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] are also considered as a possible route to investigate the superfluidity of para-hydrogen. Recently, combining experimental measurements and theoretical simulations, the non-classical rotational inertia and superfluid response in pure para H 2 clusters doped with CO 2 have been first elucidated. 29 However, the size-dependent superfluid responses of these clusters reached a maximum at N = 12 para-H 2 particles, and the clusters become frozen at larger N due to localization caused by relatively strong interactions between CO 2 and para H 2 . Carbon monoxide is a gentler probe molecule with much weaker and less anisotropic interaction with para H 2 , and a relatively large rotational constant. These features lead to a delocalized distribution of para H 2 molecules with respect to CO. 34 An accurate description of binary complexes is an essential starting point for the exploration of larger clusters. Indeed, the results of quantum Monte Carlo simulations of doped He clusters are known to a) E-mail: prof_huili@jlu.edu.cn b) E-mail: leroy@uwaterloo.ca c) E-mail: pnroy@uwaterloo.ca be very sensitive to the quality of the pair potentials utilized for the calculations. 35, 36 The CO-H 2 complex, due to its astrophysical importance 37 and the fact that it is an interesting test case for the empirical and ab initio determination of intermolecular forces, [38] [39] [40] [41] [42] [43] [44] has also been the subject of considerable experimental and theoretical attention. [45] [46] [47] [48] [49] [50] [51] The efforts have been summarized in an earlier paper by Jankowski and Szalewicz. 43 The first infrared spectrum of para H 2 -CO and ortho D 2 -CO complexes in the region of the fundamental band of CO was recorded and assigned by McKellar in 1998. 50, 51 However, after more than ten years, the recorded infrared spectrum of ortho H 2 -CO (or para D 2 -CO) had not been assigned yet due to its more complicated structure than that of para H 2 -CO system. Thus, a theoretical prediction of the infrared spectrum of ortho H 2 -CO (or para D 2 -CO) is very necessary to help assign the recorded experimental data. Reliable theoretical predictions depend on the availability of an accurate potential energy surface for the CO-H 2 complex. Two recent theoretical potential energy surfaces for this complex have been reported. 43, 44 One is based on a four-dimensional (4D) potential energy surface (PES) that uses symmetry-adapted perturbation theory (SAPT), with CO fixed at its equilibrium geometry, referred to hereafter V 98 ; 43 however, although a 4D treatment may be adequate for describing the microwave spectrum of ground-state species, it cannot properly describe infrared spectra involving excitation of an intra-molecular C-O vibrational mode. The other PES is a 5D ab initio potential which explicitly accounts for the H-H stretch vibrational motion while the C-O stretch coordinate is fixed at its ground vibrational state averaged distance, referred to hereafter V 04 ; 44 however, the experimentally recorded infrared spectra were in the region of the fundamental band of C-O. Very recently, a new ab initio interaction potential for the CO-H 2 complex computed on a six-dimensional ab initio grid was presented. 52, 53 The predicted infrared spectra calculated from this surface have already been shown to agree extremely well with the experimental spectra of the para and ortho H 2 -CO complex, and enabled an assignment of the experimental spectrum of ortho H 2 -CO complex, which had been measured more than ten years ago. Because the experimentally recorded infrared spectrum only involved the excitation of the intra-molecular C-O vibrational mode, building an effective five-dimensional (5D) potential energy surface, which explicitly takes account of the C-O stretch coordinate is necessary, and it may be adequate to properly describe the infrared spectrum. In this paper, we endeavour to build a 5D ab initio surface which only explicitly takes account of the C-O stretch coordinate with H-H stretch fixed at its averaged distance in the ground state. In order to assess the accuracy of the interaction, we determine the microwave and infrared spectral transitions on this surface for the para and ortho H 2 -CO complexes, and compare to experimental and existing theoretical results.
A few years ago, the vibration-rotation transitions of (para-H 2 ) N -CO have been studied, 25 while the most secure experimental assignments for those clusters are only limited to N = 1-6. The vibrational band origin shift when going from N = 0 to 1 is −0.18 cm −1 , thus they simply assumed that the band origin shifts for larger clusters are also linear with N × 0.18 cm −1 . With this rough approximation, their assignments extended to the first solvation shell at about N = 15. This also stimulates us to generate a new, highly accurate state-of-the-art ab initio surface for the H 2 -CO complex, which explicitly incorporates the stretch vibrational motion of C-O and could be used to simulate the band origin shifts for larger clusters. In this paper, the vibrational frequency shifts of CO in para H 2 clusters as a function of N are predicted on our 5D and recent full 6D V 12 potentials, respectively, and a comparison between the two theoretical simulations and experimental observations is performed.
Recently, Le Roy et al. introduced the "Morse/longrange" (MLR) radial potential function form which incorporates theoretically known long-range inverse-power behaviour within a single smooth and flexible analytic function. 54, 55 For atom-molecule or molecule-molecule systems, allowing parameters of that radial function to vary with angle and monomer-stretching coordinate yields a compact and flexible multi-dimensional functional form. Application of this approach to the CO 2 -He and CO 2 -H 2 systems yielded a function that explicitly incorporates the Q 3 asymmetricstretch vibrational motion of CO 2 , and has the correct angledependent inverse-power long-range behaviour. 35, [56] [57] [58] Vibrationally averaging over Q 3 for different vibrational levels of the CO 2 monomer yielded analogous 2D or 4D forms and led to remarkably accurate predictions of the vibrational frequency shifts of CO 2 in (He) N 35 or (para H 2 ) N , 29, 30 respectively. In the present work, 4D versions of "Morse/long-range" (MLR) functions (depending on three angles and R) have been fitted to vibrationally averaged interaction energies obtained from new five-dimensional ab initio PESs for CO-H 2 which explicitly incorporate the stretch vibrational motion of C-O. The new ab initio calculations and the techniques used for computing the eigenvalues of the resulting potential energy surface are described in Sec. II. Section III then presents our analytic four-dimensional potential function form and describes its fit to the ab initio results. Section IV presents predictions of the infrared and microwave spectra for the CO-H 2 bimer implied by this surface, and compares them with experiment. Calculated vibrational frequency shifts for the doped (para H 2 ) N -CO are also presented in Sec. IV. Concluding remarks are given in Sec. V.
II. COMPUTATIONAL METHODS

A. ab initio calculations
The geometry of a CO-H 2 complex in which CO is rigidly linear can be described naturally using the Jacobi coordinates (R, θ 1 , θ 2 , φ, r CO ) shown in Fig. 1 ; there, R is a vector pointing from the centre of mass of CO to the centre of mass of H 2 , θ 1 the angle between R and a vector pointing from atom O to atom C, θ 2 the angle between R and a vector pointing from H (2) atom to H (1) , φ the dihedral angle between the two planes defined by R with the CO molecule and with the H 2 molecule, r H 2 the bond length of the H 2 molecule, which was fixed at the average value for the ground state, r = 0.7666393 Å, 59 and r CO is the coordinate for stretch vibration of CO.
In a full five-dimensional treatment which also took account of the intra-molecular stretch coordinate r CO , the total potential energy for CO-H 2 would be written as
(1) in which V CO (r CO ) is the 1-dimensional (1D) potential energy for stretching of an isolated linear CO molecule, and V (R, θ 1 , θ 2 , φ, r CO ) is the intermolecular interaction potential. The 1D potentials V CO (r CO ) governing the vibration of the CO monomer were generated by least-squares fits to the experimental spectra data. 60 The calculated fundamental transition on this potential is 2143.3387 cm −1 , which results in good agreement with experimental value of 2143.2712 cm −1 . The intermolecular potential energies of CO-H 2 were calculated using single-and double-excitation coupled-cluster theory with a non-iterative perturbation treatment of triple excitations[CCSD(T)]. 61 The basis set used was the augmented correlation-consistent polarized n-zeta basis set of Woon and Dunning (denoted as aug-cc-pVnZ or AVnZ for n = 3 and 4), 62 supplemented with an additional set of bond functions (3s3p2d1f1g) (where α = 0.9, 0.3, 0.1 for 3s and 3p; α = 0.6, 0.2 for 2d; α = 0.3 for f and g) placed at the midpoint of the intermolecular axis R. 63, 64 The supermolecule approach was used to produce the intermolecular potential energies V (R, θ 1 , θ 2 , φ, r CO ), which is defined as the difference between the energy of the CO-H 2 complex and the sum of the energies of the CO and H 2 monomers. The full counterpoise procedure was employed to correct for basis set superposition error (BSSE). 65 The total intermolecular interaction potential V int can be expressed as (2) in which,
The Hartree-Fock part V HF int is extrapolated by using twopoint formula of (n + 1) · exp(−9 √ n), 66 where n is the so called cardinal number of aug-cc-pVnZ basis set with n = 3 and 4. The correlation energy V CCSD(T) int is obtained directly from the two-point 1/n 3 extrapolation. Concerning the higher order effects [beyond CCSD(T)], van Heusden et al. already noticed that molecules with triple bonds are particularly sensitive to electronic correlation in high orders of perturbation theory. 67 Recently, Noga et al. examined the importance of higher order contributions to the interaction potential of CO-H 2 at most important minima of the interaction energy surface. The results indicate that both the missing contributions from the triple excitations and from the quadruple excitations affect the final potential appreciably and anisotropically. Their total value in the vicinity of the global minimum amounts to about 3 cm −1 , whereas only about 1 cm −1 at the secondary minimum. 68 In this work, electron correlation energies from the triple and quadruple excitations V T(Q) int are calculated at CCSDT(Q) level using aug-cc-pVDZ basis set without bond function. Convergence study have been performed in Ref. 53 . All calculations were carried out using the MOLPRO package, 69 and MRCC program of Kallay and Surjn.
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The calculations were performed on regular grids for all five degrees of freedom. Five grid points corresponding to r CO = 1.052410, 1.101292, 1.147176, 1.194799, and 1.249673 Å were chosen for the CO stretching coordinate, while a relatively dense grid of 29 points ranging from 2.4 to 10.0 Å was used for the R intermolecular coordinate. The angular coordinates θ 1 and θ 2 range from 0 to 180
• with step sizes of 15
• , and the dihedral angle φ ranges from 0 to 90
• at intervals of 30
• . This gives a total of 171 535 ab initio points to yield a 5D PESs. The CCSDT(Q) calculations scale with the number of basis functions N as N 9 , which is two order of magnitude greater than the scale of CCSD(T) calculations with N 7 , and hence full five-dimension calculations at CCSDT(Q) level become soon computationally not executable even for small systems with basis sets. In this work, correlation energies V T(Q) int are only calculated on 4D intermolecular coordinates with C-O stretch fixed at its averaged distance of vibrational ground state. A relatively sparse grid point of 10 points range from 2.4 to 10.0 Å was used for the R. The angular coordinates θ 1 range from 0 to 180
• , while θ 2 range from 0 to 180
• with step sizes of 30
• and the dihedral angle φ ranges from 0 to 90
• . This gives a total of 3694 ab initio points to yield 4D PESs for V T(Q) int .
B. Hamiltonian and reduced-dimension treatment
Within the Born-Oppenheimer approximation, without separating the intra-and intermolecular vibrations, the rovibrational Hamiltonian of the CO-H 2 complex in the spacefixed frame has the form (in a.u.): 57, [71] [72] [73] 
in which μ
, where m H , m C , and m O are the masses of the H, C, and O atoms, 74 respectively, B H 2 is the inertia rotational constant of H 2 , I CO is the moment of inertia of an isolated CO molecule, and V (R, θ 1 , θ 2 , φ, r CO ) is the total potential energy of the system.
The above Hamiltonian incorporates full coupling between the intermolecular and r CO vibrations. However, convergence of the eigenvalue calculations is very slow at the high internal energies associated with excitation of the vibration of CO, since it requires a relatively large number of Lanczos iterations. 56, 75 It is therefore highly desirable to separate the treatment of the inter-and intramolecular motions. Since the vibrational mode of CO has a much higher frequency than do the intermolecular modes, Born-Oppenheimer separation type arguments suggest that it should be a good approximation to introduce such a separation, as long as the off-diagonal vibrational coupling is sufficiently small. 56, 75 In this approximation, the total vibrational wave function would be written as the product
in which v is quantum number for a specific stretching vibrational state of the free CO molecule, and the associated 1D vibrational wavefunction ψ v (r CO ) is obtained by solving the 1D Schrödinger equation:
The present work focuses on complexes formed from CO in the ground (v = 0) and first excited (v = 1) stretching states of CO. Using Eq. (5), the vibrationally averaged CO-H 2 interaction potential for CO in vibrational level v is CO (7) and the associated four-dimensional intermolecular Hamiltonian in the space-fixed reference frame is
in which
is the CO inertial rotational constant and I(r CO ) is the instantaneous CO moment of inertia. Note that the vibrationally averaged intermolecular potentials V [v] (R, θ 1 , θ 2 , φ) for different values of v differ both because the wavefunctions ψ v (r CO ) are associated with different values of v. In order to solve our 4D Schrödinger equation numerically in terms of the body-fixed angles (θ 1 , θ 2 , φ), the Hamiltonian in the body-fixed reference frame is written as 13, [76] [77] [78] (10) in which (14) where
Here, the operators J x , J y , and J z are the components of the total angular momentum operator J in the body-fixed frame, the z axis of the body-fixed frame lies along the Jacobi radial vector R, and its x axis is in the plane that contains R and the CO molecule. The above Hamiltonian contains full vibrationrotation coupling.
C. Calculating rovibrational energy levels
The rovibrational energy levels were calculated using the same approach as in Ref. 57 . A sine discrete variable representation (DVR) grid 79, 80 was used for the radial part of the 4D Schrödinger equation. The angular part was then treated using parity-adapted rovibrational basis functions. In the parity-adapted angular finite basis representation (FBR), the kinetic energy terms have simple matrix elements. For the potential part, the matrix elements are not diagonal in the angular FBR basis. However, they could be calculated in the grid representation by applying a three-dimensional transformation 73 for the angles θ 1 , θ 2 , and φ, respectively, in which the potential energy matrix is diagonal. These integrals need firstly the application of a transformation from the parity-adapted FBR to the DVR basis, then multiplication by a diagonal potential matrix, and finally to be transformed back. 13, 73 Gauss-Legendre quadrature was used for both the θ 1 and θ 2 angles, and Gauss-Chebyshev quadratures of the first kind were used to integrate φ for even and odd parity cases. The Lanczos algorithm was then used to calculate the ro-vibrational energy levels by recursively diagonalizing the resulting discretized Hamiltonian matrix.
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III. ANALYTIC POTENTIAL ENERGY SURFACE FOR CO-H 2
A. Potential energy function
The vibrational-averaged ab initio intermolecular potential energies V [v] (R, θ 1 , θ 2 , φ) for CO-H 2 obtained from Eq. (7) were fitted to a generalization of the MLR potential function form, 55, 57, 82 which is written as
in which D e (θ 1 , θ 2 , φ) is the depth and R e ≡ R e (θ 1 , θ 2 , φ) the position of the minimum on a radial cut through the potential for angles {θ 1 , θ 2 , φ}, while u LR (R, θ 1 , θ 2 , φ) is a function which defines the (attractive) limiting long-range behaviour of the effective 1D potential along that cut as
Since CO is polar, while H 2 is non-polar, an appropriate functional form for u LR 
in which the long range coefficients C n have also been averaged over the CO stretching coordinate C-O, and the
The angle-dependent long-range coefficients for CO-H 2 system with CO in its vibrational ground state(v = 0) are taken from the V 98 potential, 43 which scaled by the ratios of the experimental coefficient C 000 6,exp 83 to the calculated isotropic value. 43 For CO in its vibrational excited state (v = 1), the angle-dependent long-range coefficients are taken the same as those in ground state (v = 0).
The radial distance variable in the exponent in Eq. (17) is the dimensionless quantity
where p is a small positive integer which must be greater than the difference between the largest and smallest (inverse) powers appearing in Eq. (19), p > (8 − 4), 55 and the exponent coefficient function β(R, θ 1 , θ 2 , φ) is a (fairly) slowly varying function of R, which is written as the constrained polynomial,
whose behaviour is defined in terms of the two new radial variables
Although most previous work with this model was performed using a single radial variable to define the exponent coefficient function β(R, θ 1 , θ 2 , φ) (i.e., with q = p ) and with R ref = R e (i.e., with f ref = 1), it has recently been shown that use of f ref > 1 and of a separate smaller power q < p to define the radial variable in the power-series portion of Eq. (21) can lead more compact and robust potential functions. 84 In the potential function model used in the present work: p = 5, q = 3, and
The definition of y eq p (R, θ 1 , θ 2 , φ) and the algebraic structure of Eqs. (17) and (21) 
The parameters D e (θ 1 , θ 2 , φ), R e (θ 1 , θ 2 , φ), and the various exponent expansion coefficients β i (θ 1 , θ 2 , φ), all are expanded in the form
in which F = D e , R e or β i , φ = φ 1 − φ 2 , and l is the label associated with the vector sum of l 1 and l 2 , with the range of values |l 1 − l 2 | ≤ l ≤ |l 1 + l 2 |. These three indices must also satisfy the restrictions that l 2 is even, and l 1 + l 2 + l is even. The angular basis functions appearing here are defined as (25) in which the quantity in large brackets is the Wigner 3j factor, 85 Y l, m (θ i , φ i ) are the normalized spherical harmonic functions, and l min = min(l 1 , l 2 ).
The presence of permanent dipole on CO, and quadrupole moments on CO and H 2 means that the leading terms in the expression for u LR (R, θ 1 , θ 2 , φ) are the electrostatic dipole-quadrupole, and quadrupole-quadrupole interaction, whose (vibrationally averaged) coefficient may be written as (27) in which μ CO , Q CO , and Q H 2 are the vibrationally averaged dipole and quadrupole moments of CO and H 2 , respectively. Our v-dependent values of μ CO and Q CO were obtained by averaging over the bond length dependence of the dipole and quadrupole moment function of CO reported by Maroulis.
86
The vibrationally averaged dispersion coefficients C 6 (7, 8) (θ 1 , θ 2 , φ) may be expanded as
An experimental value of the leading totally isotropic coefficient C 000 6,exp has been obtained from dipole oscillator strength distributions by Kumar and Meath, 83 but no angleor stretching-dependent long-range coefficients have been reported for this system. Estimates of the dispersion coefficients for (l 1 , l 2 , l) = (0, 0, 0) were therefore obtained from the theoretical calculations for the CO-H 2 . 43 Our final values of the coefficients for these angle-dependent terms were then obtained by scaling these calculated coefficients by the ratios of the "experimental" to the theoretical isotropic C 6 coefficients:
Since our ab initio 5D PES incorporates the stretching coordinate of the CO monomer, the van der Waals interaction will also include induction terms. Following Buckingham, 87 the coefficient of the R −6 induction term was taken to be
in which the leading factor on the right-hand side is the vibrational average of the square of the CO dipole moment, while
, and α av H 2 are, respectively, the parallel, perpendicular, and isotropic-average polarizabilities of H 2 . The latter were defined by the vibrationally averaged values for ground-state H 2 reported by Bishop and Cheung, 88 while the former was calculated using the stretching-dependent CO dipole moment reported by Maroulis. 86 Finally, while the v-dependence of the angle-dependent dispersion terms was neglected, that for the leading isotropic coefficient was assumed to scale as the isotropic average polarizability of CO α av CO (r) = [α CO (r) + 2 α ⊥ CO (r)]/3 . Using the r-dependent polarizabilities for CO reported by Maroulis, 86 this yields
B. Least-squares fits
To commence any nonlinear least-squares fit, it is necessary to have realistic initial trial values of the fitting parameters. In the present case of fits to the 4D Morse/Long-Range (4D-MLR) form of Eq. (17), they were obtained in the following manner. First, a fit to the ordinary 1D MLR form (depending only on R) was performed for all distinct combinations of θ 1 , θ 2 , and φ, using program betaFIT. 89 This involved some experimentation to ascertain the most appropriate choice for the integer parameter p and q and the factor f ref appearing in the definitions of the radial variables y (20) and (22), and for the order N of the exponent polynomial of Eq. (21) . As pointed out above, the present potential function model used p = 5, q = 3, and f ref = 1.2, and the exponent polynomial order was N = 4 . The resulting values of D e (θ 1 , θ 2 , φ), R e (θ 1 , θ 2 , φ), and of β i (θ 1 , θ 2 , φ) (for i = 0 − N) were then fitted to Eq. (24) , and the resulting expansion coefficients F l 1 l 2 l used as starting parameters in the global 4D fits of the vibrationally averaged potential energies to Eq. (17) . In the following parts of the present paper, the vibrationally averaged 4D "Morse/long-range" potential energy surfaces calculated at CCSD(T) level with two-point extrapolation are denoted as V MLR , and the V MLR potential energy surfaces which furthermore incorporated the correlation energies from the triple and quadruple excitations calculated at CCSDT(Q)/aug-cc-pVDZ are denoted as V MLRQ .
In the final 4D fits, the input ab initio energies were weighted by assigning uncertainties of u i = 0.1cm −1 to points in the attractive well region where 
IV. RESULTS AND DISCUSSION
A. Features of the four-dimensional potential energy surface Figure 3 shows how the well depth of our fitted, vibrationally averaged, 4D V MLRQ ground-state potential energy surface for CO(v = 0)-H 2 system depends on θ 1 and θ 2 when φ is optimized to minimize the energy for each (θ 1 , θ 2 ). As seen there, two equivalent global minima with well depth of 93. relative to the global minima located at (θ 1 = 106.9, θ 2 = 56.8
• ) with R = 3.473 Å and φ = 0 • , which is more clearly shown in the middle panel of Figure 4 . Along this path the molecules remain co-planar ( φ = 0
• ) and θ 1 increases while θ 2 decreases (or vice versa), so that the H 2 molecule rotates through 180
• in a direction counter to the rotation of the H 2 relative to the CO axis as it moves to the collinear arrangement. Figure 5 clearly shows the relative rotational directions for vector O-C (blue) and vector of H (2) -H (1) (red) along the minimum energy path in cylindrical coordinates on our vibrationally averaged 4D V MLRQ PES for CO(v = 0)-H 2 with φ = 0
• . The second are two high barrier paths, with barrier heights of 54.89 cm −1 and 47.45 cm −1 relative to the global minima, respectively. The transition states on these two paths are located at the same positions as those two saddle points along the isomerization paths between two global and two local minima, respectively. Figure 6 shows how the radial positions of the minimum energy depend on θ 1 and θ 2 when φ is optimized at every point. The dotted curves seen there indicate configurations at which the optimum value of switches abruptly between 0
• and 90
• . As may be expected, contours which cross these dotted curves show small discontinuities at these switchover points. Nonetheless, the fact that the structure seen here is somewhat ically meaningful quantities,D e (θ 1 , θ 2 , φ) and R e (θ 1 , θ 2 , φ), which are directly determined by the fit, incorporate most of the basic structural information about our 4D V MLRQ surfaces.
The geometries and energies of these global minima and saddle points are summarized, and compared with previous literature results in Table II. As shown in Table II Figure 4 , and the effect for the spectra transitions will be checked later on. From Table II , one can see that all the positions of the stationary points on our V MLRQ are in good agreement with those values from recent ab initio surfaces for this system calculated by Jankowski et. al., 44, 52 with radial difference smaller than 0.01 Å and angle smaller than 1
• , which also clearly indicated in the lower panel of Figure 4 , where the radial position along the minimum energy paths on recent ab initio surfaces are indistinguishable.
For the vibrationally averaged excited-state (v = 1) surface, the contours plots look almost the same as those for Table II , the positions and energies of the stationary points are only slightly shifted. Because the energy difference between vibrationally averaged ground-state (v = 0) and excited-state (v = 1) surface is related to the band origin shifts, it is interesting to see the differences along the minimum energy path and compared among the different model potentials. As shown in the upper panel of Figure 4 , the different potential curves along the minimum energy path, among the three V MLRQ , V MLR , and V 12 model potentials, are indistinguishable, with energy difference smaller than 0.02 cm −1 , which indicated that the band origin shifts will have very small effect from different model potentials and will be globally tested by our bound state calculations and Path Integral Monte Carlo simulations for larger doped clusters.
B. Bound states and band origin shifts for CO-H 2 dimer
The rovibrational energy levels of CO-H 2 were calculated using the radial DVR and parity-adapted angular FBR methods described in Secs. II B and II C. Because of the symmetry properties associated with P and l 2 , there exist four symmetry blocks, and the rovibrational energy levels for each block could be calculated separately. An 80-point sine-DVR grid range from 3.0 to 20.0 bohrs was used for the radial R stretching coordinate, and 27 and 19 associated Legendre basis functions were used for the angular coordinates θ 1 and θ 2 , respectively. The integration over θ 1 and θ 2 used 32 and 24 Gauss-Legendre quadrature points, respectively, and that over φ used 52 equally spaced points in the range [0, 2π ].
The calculated intermolecular rovibrational energy levels compared with corresponding experimental values for the ground (v = 0) and first excited (v = 1) states of para H 2 -CO are listed in Table III and ortho H 2 -CO in Table S1 of the supplementary material, 90 respectively. The rovibrational energy levels may be labeled by the six quantum numbers: v, J, l 1 , l 2 , l 12 , and l, where v is the stretch quantum number of CO, J is the total angular momentum, l 1 , l 2 , l 12 , and l are the eigenvalues of the l 1 , l 2 , l 12 , and l operators, respectively. It is known that the rotation of H 2 in the complex is dominated by l 2 = 0 terms for para H 2 and by l 1 = 1 for ortho H 2 , due to the large spacings between the rotational energy levels of molecular hydrogen. For para H 2 -CO, when l 2 = 0, from the rules of the angular momentum coupling, the l 12 is equal to l 1 . Therefore, the set of indices used for a unique labeling of the components of the rovibrational for para H 2 -CO complex reduced to (v, J, P, l 1 , l). However, For ortho H 2 -CO, angular momentum l 2 with the eigenvalue l 2 = 1 can be coupled with l 1 in up to three different ways characterized by l 12 .Thus, unlike inthe para-H 2 -CO case for the ortho H 2 -CO, we also need l 12 for a unique labeling of the rovibrational energy levels. Same labeling method have been used in previous studies for H 2 -CO complex. 43, 44, 52, 53 Following the approach of Ref. 92, our calculations for para H 2 -CO complexes used an effective H 2 -molecule inertial rotational constant B H 2 calculated from the experimental l 2 = 0 → 2 level spacing, while our ortho H 2 -CO calculations used a value of B H 2 defined by the l 2 = 1 → 3 monomer level spacing. Table III lists the observed rovibrational levels and energy differences between the theoretically predictions and corresponding experimental observations for para H 2 -CO(v = 0) and para yielding the RMS discrepancies of 0.064 and 0.065 cm −1 , respectively. So big discrepancies are almost 10 times worse than the values yielding from our V MLRQ surfaces, only because our V MLR surfaces missing the term of V T(Q) int for electron correlation energies from the triple and quadruple excitations. However, comparable RMS differences between V MLRQ and V 12 , indicate that extra contributions from V 12 surface, such as nonrigidity effect of H 2 , core-valence electron correlation, and larger basis sets extrapolation have negligible effects on the calculated rovibrational levels for para-H 2 -CO complex.
For the ortho H 2 -CO complex, whose level energies are expressed relative to the j H 2 = 1 dissociation channel, we find a total of 103 bound intermolecular vibrational states on our 4D V MLRQ surfaces with energies lower than its asymptote limit (l 2 = 1 at 118.644 cm −1 ), three times more than were found for the para H 2 -CO 2 complex. All the relative energies are positive and listed in Table S1 of the supplementary material, 90 with the ground states at 96.802 and 96.607 cm
for v = 0 and 1, respectively. The only good quantum numbers are the overall angular momentum J and parity P = e or f. The CO rotational quantum number l 1 , the number l 12 describing the coupling of l 1 and l 2 , and the end-over-end number l are all approximate. n J, P simply numbers consecutive states for each J, P. As shown in the last row of Table III , the calculated band origin shift predicted by our 4D-V MLRQ surfaces is v 0 = −0.179 cm −1 for para H 2 -CO, which is exact the same value of the experimental observation, and slightly different from the predicted value yielding on the V 12 surfaces. 53 It is also interesting to notice that the same the band origin shift of −0.179 cm −1 is yielded from our 4D-V MLR surfaces, which indicate that missing the term of V T(Q) int for electron correlation energies from the triple and quadruple excitations have negligible effects on the calculated band origin shift for para H 2 -CO complex. This result is also consistent with the results discussed in Sec. IV A and shown in the upper panel of Figure 4 , the different potential curves along the minimum energy path, have tiny difference between V MLRQ and V MLR . For para H 2 -CO, the calculated band origin shift on our 4D-V MLRQ surfaces is v 0 = −0.195 cm −1 , which is 0.017 cm
different from the predicted value of −0.178 cm −1 calculated from V 12 surfaces.
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C. Predicted infrared spectra for CO-H 2 dimer
For para H 2 -CO,infrared v = 0 → 1 transition frequencies calculated from our vibrationally averaged 4D-V MLRQ are listed Table IV , and compared with experiment and with previous theoretical predictions. The rotational levels were assigned using the labels J, l 1 , and l, where J is the total angular momentum, l 1 denotes the angular momentum of the CO, and l denotes the end-over-end rotation of the complex. Table IV expresses all the infrared transition energies relative to the band origin 2143.092 cm −1 of para H 2 -CO complex. To list all the transitions more compact, the "mirror-image" pairs of transitions involving the same set of rotational quantum numbers for the complex, the "Obs.,upper" (J l 1 l ← J l 1 l ) and the "Obs.,lower" (J l 1 l ← J l 1 l ), are listed on the same line of Table IV , as used in Ref. 50 . Columns 3 and 8 show the transition energies yielded by our vibrationally averaged 4D-V MLRQ potential energy surfaces, which are seen to agree very well with the experimental values shown in columns 2 and 7. 50 The differences seen in columns 4 and 9 are very small, and the RMS discrepancy for total 126 bound state transitions is only 0.007 cm −1 , which are slightly smaller than the value of 0.010 cm −1 obtained from V 12 surfaces. However, without the correction term of V T(Q) int for electron correlation energies, the transition energies are yielded from V MLR surfaces, the differences with experiment 50 are then significantly increased as is shown in columns 5 and 10 of Table IV , yielding RMS discrepancy of 0.056 cm −1 , eight times worse than that obtained from V MLRQ surfaces.
For ortho H 2 -CO, the calculated infrared transition frequencies expressed relative to the band origin 2143.272 cm −1 of free CO are given in Table S2 90 of the supplementary material. The lower and upper states involved in the transitions are labeled with the set of parameters (J, P, n J, P ), where J and P are the total angular momentum and parity, respectively, n J, P numbers consecutive states for each J, P. Columns 3 and 8 of 
D. Vibrational band shifts of CO in (para-H 2 ) N clusters
The vibrational frequency shifts of chromophore molecule in He or (para-H 2 ) N clusters were simulated by using the path-integral Monte Carlo (PIMC) method, 35, 57 in which the finite-temperature PIMC code with the rotation of dopant and the bosonic exchange developed by Blinov and Roy 93, 94 was used to calculate the density matrix and obtain canonical averages, and first-order perturbation theory was used to estimate the vibrational frequency shift. 35 The present implementation closely follows our the previous work. [34] [35] [36] 57 When the CO molecule is embedded in (para-H 2 ) N clusters, its vibrational frequencies will be shifted from the values for the free CO molecule. Based on first-order perturbation theory, the fundamental band origin frequency shifts of CO in such clusters can be estimated by
in which, V paraH 2 −CO (R, θ 1 ) is the difference potential between effective 2D PESs for para H 2 -CO(v = 0) and para H 2 -CO(v = 1), which are obtained by performing a reduced-dimension adiabatic-hindered-rotor average over the orientations of the H 2 moiety proposed by Li, Roy, and Le Roy. 58 ρ(R, θ 1 ) is the normalized density distribution of the solvent para H 2 in the clusters, obtained from finitetemperature PIMC simulations. 512 translational and 128 rotational time slices were used in the present simulations, which were large enough to converge the results, and tested in our previous study of para H 2 clusters. 29, 34 Parameters of m = 16 defines the interval for selecting a random number of m (1 ≤ m ≤ m) consecutive beads in a world line, and the adjustable parameter C range from 0.085 to 0.75 for different cluster size controls the relative statistics of diagonal and off-diagonal configuration spaces in the worm algorithm were chosen to keep the acceptance ratio between 0.25 and 0.55. Figure 7 presents the simulated values of ν N 0 on the different model potentials, compared with the experimental data. 34 The listing of the calculated frequency shifts shown in Figure 7 may be obtained from the supplementary material. 90 The statistical errors are on the order of 10 −4 cm −1 and thus the error bars for the data are smaller than the symbols and are not shown here. Figure 7 shows a monotonic redshifts (open circle) for (para-H 2 ) N -CO clusters calculated on the V MLRQ PESs depend on the number of para-H 2 in the complex. For the smallest clusters, the vibrational band shift decreases almost linearly from N = 1 to 3, but becomes increasingly nonlinear with larger N. At N = 15, there is another distinctly change to a reduced slope, indicating that the first solvation shell is formed, the filling of a second centered ring starts at N = 16. As shown in Figure cies from those of the a-type infrared transitions, 25 assuming that the rotational frequencies are the same in the ground and first-excited vibrational states. On recent V 12 potential, the calculated band origin shifts (open squares) as a function of cluster size N in Figure 7 , show a similar monotonic red decrease behaviour and slightly higher than those values predicted on the V MLRQ PESs, but with all the discrepancies are smaller than 0.05 cm 
V. CONCLUDING REMARKS
This paper presents accurate analytic vibrationally averaged 4D potential energy surfaces for H 2 -CO(v) complexes for v = 0 and 1 which were obtained from five-dimensional ab initio potential energies. The PESs explicitly incorporate the dependence of C-O stretching coordinate. The ab initio interaction energies were obtained at the CCSD(T) level using a complete basis set extrapolated from aug-cc-pVTZ and aug-cc-pVQZ basis sets, and with bond functions placed at the midpoint on the intermolecular axis. In this work, electron correlation energies from the triple and quadruple excitations V T(Q) int are included, which calculated at CCSDT(Q) level using aug-cc-pVDZ basis set without bond function. The vibrationally averaged potential energies were fitted to a 4D generalization of the MLR potential form. 54, 55 With and without the correction term of V For ortho H 2 -CO, our 4D-V MLRQ surfaces support 103 intermolecular rovibrational bound states, the energies relative to the asymptote limit 118.644 cm −1 of H 2 with rotational excited for l 2 = 1, are compared very well with those obtained from 4D-V 12 surfaces. The calculated band origin shift from 4D-V MLRQ associated with the fundamental transition of CO is −0.179 cm −1 for para H 2 -CO, results in same value from the experimental observation, and slightly better than the value of −0.176 cm −1 calculated from 4D-V 12 surfaces. This suggests that our surfaces will yield reliable predictions for the C-O vibrational shifts of CO in (H 2 ) n clusters.
The calculated spectroscopic properties of our vibrationally averaged 4D V MLRQ PESs are in excellent agreement with experiment: for 126 infrared transitions of para H 2 -CO, the RMS discrepancy is 0.007 cm −1 , which is slightly better than that obtained from recent high accuracy surface of V 12 . For ortho H 2 -CO, the RMS discrepancy for 179 bound state transitions is 0.023 cm −1 , which is slightly larger than that 0.018 cm −1 obtained from recent high accuracy surface of V 12 . For (para-H 2 ) N -CO clusters, the calculated band origin shifts as a function of cluster size N, show a monotonic red decrease behaviour on the V MLRQ PES, which in good agreement with the experimental values, and also consistent with those obtained from V 12 PESs, with all the discrepancies over the whole range from N = 1 to 20 are smaller than 0.05 cm −1 . As discussed above, our five-dimensional ab initio PESs for CO-H 2 , that only explicitly incorporate the stretch coordinate of the CO and with rigid H 2 , can reach the same accuracy as recent high accuracy six-dimensional ab initio PESs. Inclusion of the electron correlation energies from the triple and quadruple excitations V T(Q) int is the main contribution to improve the accuracy of the potential energy surface. Other contributions such as those from the core-valence correlation corrections, larger basis set, and treatment of nonrigidity effect of H 2 , as incorporated in the V 12 potential, have a very small effect on the predicted infrared transitions of the H 2 -CO complex. We also found that although the triple and quadruple excitations correlation energies V T(Q) int , can affect the infrared transitions of the H 2 -CO complex, the band origin shifts for CO in (H 2 ) n clusters are less sensitive.
